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SUMMARY

The aerod~mic and n-wasfactors governing lu.teral
8ta~dy are dticwsed and formuk are given fortheir
estimation. Rei?aiwelye-imple relaiiomhip between the
governingfacior8 and the rew%k.g 8tabiJitycharacteristti
are pre8en&?d. A senh of charts i8 included with which
approximate stability characteridim may be rapidly
estimated.

The e$eck of th variow governingjactor8 upon the
stabilit~ churacte?%ic-e are dticu88ed in d.etd It h
pointed owlthatmuch additi.onulresearchis nece88m-yboth
to correlutestability ci&mteri&e with riding,$~ng, and
bundlingquaMk8 and to provide w&Me &for accurate
estimatesOJthose characteri++tiof an airpl.amwhile it h
in the dtn&n 8tage.

INTRODUCTION

The lateral stability of airplaneshas been the subject
of considerable mathematical treatment and many
theoretical analyses. (See references.) The main as-
pects of the problem are therefore well known to stu-
dents of the subject. Use of the mathematical theory
in dcsigu is, however, limited by practical diiliimltiesin
its application. Detenni.nation of numerical values for
certain of the aerodynamic quantities is diiiicult and
the results are uncertain. The required calculations
me extensive and must be carefully made to avoid erro-
neous and confusing results.

In this report lateral stabili@- will be discussed and
analyzed in a way that, it is believed, will aid in the
acquisition of a working lmowledge of the subjeot with-
out long and intensive study. The classical equations
have been simpMed as much as seems consistent with
reasonable accuracy to permit rapid estimation of the
stabili~ characteristics. Also included is a series of
charts designed to facilitate the rapid estimation of the
approximate lateral-stability characteristics of airplanes
throughout the normal-tlight raqge. It is hoped that
these charts, together with those on longitudinal sta-
bility presented in reference 1, will aid in putting the
estimation of the complete stability characteristic on
a practical basis.

The material is presented in the following order: (1)
A discussion of the aerodynamic and mass factors that

govern the uncontrolled motion of the airplane tcgether
with formulas for estimating these facto=-; (2) fo&ulas
for estimating the stability charaotaristicsof the uncon-
trolled motion having given the govern@ faotors; (3)
charts for the rapid estimation of stability character-
istics; (4) a discwion of the effects of the governing
factors upon the stability characteristics; (5) comments
and suggestions for future study; (6) a brief derivation
of the classical stability formulas (appendix I); (7) an
accurate semigraphical method for solving biquadratios
with a useful approximation based on this method
(appendix II); and (S) a list of symbols and their
definitions (appendix III).

FACTORSGOVERNINGSTARILITY

Both theory and experiment indicate that, with
certain exceptions, the uncontrolled motion of an air-
plane can be divided into two independent phasea.
One phase includes components of the motion that do
not displace the plane of symmetry of the airplane
from the plane with -whichit coincides during the steady
motion. Stability of this part of the motion is termed
‘longitudinal stability.” The other phase of the com-
plete motion includw all components that do displace
the plane of symmetry. This phase of the motion is
called ‘lateral motion” and its stability characteristics,
‘lateral stability.” Although, in the past, reference
has frequently been made to directional stability as
distinguished from rolling stability (also called ‘lateral”
stability), both them-y and experinmnt indicate that
no such division is physically potible for the conven-
tional airplane.

The uncontrolled motion of an airplane quite ob-
viously depends upon the aerodynamic forces and
moments arising from any deviation from a steady
state together with the inertial forces and moments
accompanying the accelerations coupled with the
deviations. The lateral motion is zero in steady
flight on a straight course. The components of lateral
motion in unsteady flight are a linear velocity u along
the Y axis (see appendix I and fig. 1) and angular
velocities p and r about the X and Z axes, respectively.
The forces and moments governing lateral motion
therefore arise from the aerodynamic reactions to the
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velocities o, p, and r (in the theoretical treatment aero-
dynamic reactions are assumed to be unaffected by
accelerations) and the inertial reactions to the accelen+
tions dv/&,g sin + cos -y,g sin $ sin -y,dpldl, and dr/dt,
where @ is the angle of roll, y is the angle of the flight
path, and ~ is the angle of yaw.

For convenience the component of the reactions
referred to the coordinate axes are used rather than
the resultantreaction. It appears, then, that a velocity
v should result in a side force AY, a rolling moment AL,
and a yawing moment W. Similarly there will be,
A’s of Y, L, and IV corresponding to the rolling and
yawing velocities p and r. The basis for the classical
theory of stability is that the algebraic sum of the
values of AY (for asample) for a unit value of o when p
and r are zero, for a unit value of p when o and r are
zero, and for a unit value of r when u and p are zero is
equal to the value of AY when the total motion is the
resultant of coexisting unit values of V,p, and r. It is
further assumed that a reaction AY due to a disturb-

FmuEE L—AngulaIandverticalrdationsbimh SkhtjWWIXOIZ

ante of velocity c is directly proportional to the magg--—
tude of o, that is M7=vd~y. This assumption is ad-

mittedly an approximation but is valid, in general, for
small values of the velocities of the disturbance. On
this basis the aerodynamic reaction AY to a lateral
disturbance is

and similar expr=ons exist fo~ AL and AiV.
As a matter of convenience it has been found desir-

able to express the derivatives dY@%, dLJdo, etc., in
terms of the nondimensional coefficients C=, Cl, and C=
where

Y’C==r

~Pv=s

L
c,=—

;pVWb

c.=4-

In order to make the treatment entirely nondimensional,
it is convenient to consider the ratios v/V, pb/2V, and
rb/2V rather than o, p, and r. For small valuea o/V
is equal to /3,where p is the angle of sideslip @ radians),
and pb/2V is the difference (in radians) between the
angle of attack at the center of gravity and the angle
of attack at the wing tip. Since the velocity at the
wing tip is V+rb/2 the value rb/2V is the ratio of the
portion of the veloci~ at the tip due to rotation to the
velocity at the center of gravity. Expresaecl in this
way, the lateral-force coefficient due to lateral motion is

and similar expressions exist for ACI and AOn.
pb

Since dCi-/drv and dCJd~vare small, they are gen-

erally neglected, leaving the following aerodynamic
factors to be considered:

1. Those depending on side&p: dCY/d@)dCJdB, and
dCJdP.

pb
2. Those depending on rolling velocity: dOJd ~V and

dCJd#

3. Those depending on yawing velocity: dCJd2~ nnd

dC./d2~

In addition to the aerodynamic factors, othem that
depend on the amount and the distribution of the maas
of the airplane must be considered. The important
mass factors, expressed nondimensionally, are w b/kx,
and b/kz. The relative density factor P is equal to
nalp~band may be considered as being proportional to
the ratio of the maw of the airplane to the mass of air
influenced by it in traveliw one chord length. Under

13.i (w/s).
standard Conditions y= b

AERODYNAMIC FAC1’ORS

Lateral force due to sideslip,-The rato of change of
lateral-force coefficient with angle of sidealipdOY/df3can
be accurately determined only by measurement in a
wind tunnel. Assuming the wind-tunnel data to have
been obtained in tams of angle of yaw #in degrees, the
value of d0+19 is —57.3 (dCY/d#), since 13is in radians
and opposite in sign to x. In wind-tunnel praotico,
cross-wind force rather than lateral force is usually
measured. In such cases dU=/d#can be determined
from the relationship

(1)
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(which follows from the fact that CY=G cos P
–0. sin p).

Diehl givea (reference 2, pp. 254–255) an approxi-
mate, empirical value of

(2)

where 11is the over-all length. This formula is useful
when wind-tunnel data are not available.

Rolling moment due to sideslip.-The rate of change
of rolling-moment coefficient with sideslip dCJd~ must
also be measured in a wind tunnel if accurate values are
desired. Some systematic researchhas shown the effect
of dihedral and tip shape on the value of dCJd@for the
wing alone (reference 3) but very little is known about
the effect of fuselage interference. In certain experi-
ments (data unpublished) a model having a wing with
no dihedral mounted in a &ah-wing position gave a
value of dC1/d~corresponding to 6° of positive dihedral
for the wing alone. The same model with the wing
mounted in n low-wing position gave a very erratic

Angle of affack ~ ,degrees ,

FIGURE2,—EtlectoftipshafMonrateofchangeofrdffng-momaotcoeflidantwlti
afdmlffh

curve of Cl againat & The slope of this curve indicatec
zero dihedral effect at zero sidedip. The average di
hedral effect up ta 30° aidealipcorresponded, however
to 4° negative dihedral. These tedw were in the natun
of preliminary tests and are unconfirmed but give amph
evidence of the need for similar additional research.

In the absence of wind-tunnel
lCJd/3 for the wing alone may be
elationship
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tests the value of
computed from the

dCl_ _dC,()@r ,+r(–o.012)m’ . (3)

vhere (dCJd~)r.o is the value of dCJd@ for tie w_@
vithout dihedral (see fig. 2) and 1’ is the dihedral angle
n degrees. This formula was developed from data ob-
ained with wings of aapect ratio 6 and with no taper or
nvcepback (reference 3). Tapering the wing decreases
ihe eflective dihedral but the decrease is somewhat 1-
ihan would be axpected from the geometric proportions
]ecause of the tendency of the wing lift to be evenly
~istributed along the span. Sweepback is equivalent
n an increase in dihedral, particularly at high angle9
]f attack, but the effect is negligible for small amounts
]f sweepback such as are used in conventional airplanes.

The wing, including interference effects, is the chief
]ource of rolling moment due to sidwlip and other parts
]f the airplane can normally be neglected. Vertical-
Enarea displaced from the longitudinal ati contributes
LOdC1/dpbut the effect is usually small. Ifj in a par-
ticular case, the effect upon the value of dCJd/3is d~
sired for parts having considerable projected aide area,
it can be computed from the relationship

dC, 8Pz+dG.,
w–Sb d~ (4)

where S’pis the projected side area.
S’, the wing area.
ZP,the z coordinate of the center of pressure of

projected side area.
C%, the absolute coefficient of force on the pro-

jected side area.
In this equation dC%/d~ must be estimated, ttig
into account the shape of the part and the probable
interference effects.

Yawing moment due to aideslip.-The change of
yawing-moment coefficient with angle of sideslip
dCm/d/3dependz principally upon the fuselage and the
vertical-tail area. The contributions of the landing
gear, interference effects, etc., are small and can gen-
erally be neglected. The contribution of the wings
is also small and can be neglected at high or cruising
speeds but becomes of increasing importance at slower
speeda (refwence 3); the effect due to tbe wing is an
increase in dC=/d/3. The center of pressure upon the
fuselage is normally well ahead of the center of gravity
so that the moment due to sideslip is such as to increase
the sideslip. The magnitude of this unstabilizing
tendency varies with the size and shape of the fuselage
but, on the aver~e, is equal to about one-third the
stabilizi~o effect of the vertical tail surfaces.

13’oraccurate stability calculations it is necessary that
dCJdb be obtained from wind-tunnel tests at several
angles of attack by the use of the relation
dO#$= –67.3 dC,/d#. The value of dCm/d~can be
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calculated approximately from the relation

(5)

where qt is the tail efficiency.
1, the distance from the center of gravity to

the rudder hinge.
L, the over-all length of the fuselage.

S,, the area of the vertical tail surfaces.
(?Lt,the absolute inefficient of force on the verti-

cal tail surfaces.
& an empirical constant (reference 2, p. 203).
S,, the projected side area of the fuselage.

When using equation (5), it is necesary to estimate or
assume values of ~~, dCu/c@, and &. For modern
@pea of airplane q, ia about 0.80. The slope of the
ta&force curve dL?Lt/@depends on the aspect ratio of
the tail and to a certain extent upon the end-plate
effect of the fuselage and the horizontal surfaces. l?or

.40

.30

A-B

.20

.10

0 .20 .40 .60 .80
Locafion of ya wing-momentaxis, &pa

FIGURE3.—EmpfricalfactorforcmnpnffngeiTwtoffwakgecmrataofcdmngeof
yawkrg-momontcwfiidentwithddeslfp(fromfig.@ refaemm~.

%%(%)fuselere

conventional arrangements di%Jdfl=2.2 is a good
average value. Values of & m determined by Diehl
are given in figure 3. From this figure the value of K@
can be directly determined from the ratio of the distance
of the center of gravi~ back of the nose xl to the fuselage

. length 4 and the ratio of the maximum fuselage depth d
to the fuselage length. In a numbar of computations
made to check the accuracy of formula (5) it was found
that the results were generally conservative, i. e., the
estimated value of dCn/d~was smaller than the measu-
red value. The difference arose in most cases from
the fact that the measured effect of the fuselage was
smaller than the estimated effect. The measured
effect of the fuselage apparently varies between zero

SA
and the effect calculated as K@~ depending upon the

details of nose shape and fuselage folm.

Rolling moment due to rolling.-The rate of chango
pt)of rolling-moment coefficient with rate of rollingdOJdrV

arises from the change of angle of attack along the
wing. The increment in angle of attack at any span-
wise distance y horn the center of gravity is py/V (in
radian measure), the increment at the tip being pb/2V.
If a uniform spanwise distribution of lift and drag be
assumed, simple integration gives

dC, – (dO./da+ UD.)
g“ 6

where C~n is the drag coefficient of the wing alone.
If an elliptical distribution is assumed, integration gives

dC, _ – (doL/&+ CD.)
@v– 8

Actually, measured values of dCJd$& are considerably

nmdler than either formula indicates because of the
tendency of the lift to equalize itself along the span
during the rotation.

In the absence of d~ta obtained from some such device
pb

u a rolling balance, dCJdTV can be taken aa —0.40

[or wing arrangements such aa are likely to be used on
conventional airplane9. A survey of test results
reveals valu~ from —0.35 to —0.47 for plain wings
md values as high as –0.50 for wings with tip slots.
[t would be espected that rounding the tips or tapering

pll
ihe wings would reduce dCJdrw and such was found to

]e the case for the tests reported in reference 3. On
ihe other hand, there is sticient conflicting evidence to

pb
ndicate that an attempt to calculate dCJ~V taking

nta account tip shape and taper, is likely to give n
wult no nearer the true value than is the assumed
merage, —0.40.

Yawing moment due to rolling.-The rate of chango
]f yawing-moment coeflioient with rate of rolling

pb
iCJd& arises from the same causea as does dOJdYv”

%mple integration gives for a rectangular-wing force
distribution

dGlz_-[G-f%+]
d#.!.! 6

md for an elliptical-wing force distribution gives
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It will be noticed that the sign of the ramlting value of

dO~/d2~ bdicntes that the wing being depressed by the

rolling motion is accelerated forward by the resulting
yawing moment. The mistake has frequently been
made (see referance 4) of assuming that the increase in
drag of the wing being depressed would result in a
yawing moment retarding that wing, that is, in a

positive value of dCJd~~” This reasoning fails to

take into account the forward inclination with increase
in angle of attack of the resultanhforce vector relative
to an ask fixed in the wing.

Wind-tunnel data cannot ordinarily be obtained for
pb

dGld27 became there we but few existing balances

capable of measuring the yawing moment on Qrolling
model. It is therefore necessary to rely on estimated

‘b The empirical relationshipVfdllt?sof dO’/d2T-

has been found (reference 6) to give good agreement
‘with measured vahms below the stti, CL and dCDti/da
having been obtained horn force taste of the wing
alone; but there is need for further experimental data
on this factor.

Rolling moment due to yawi.ng,-The rnte of change
of rolling-moment coefficient with rate of yawing

dCJd2fiVresults from the di.flerencein velocity between

the wing tips, one wing tip having the velocity V+rb/2
and the other having the velocity V—rb12. Simple

integration gives the value of dO1/d~Vas CL13assuming

n rectangular distribution of lift or as @4 assuming an
elliptical distribution. The rolling moment due to
yawing is of positive sign since a positive rate of yawing
givc9 a positive rolling moment.

It will ordinarily be impossible to measure dC,/d&

for Q particuk design because of lack of equipment.
Either special apparatus for oscillating the model or a
whirling arm equipped to measure rolling momauts is
required. In the absence of experimental data, the
computed value must be used. Glauert states (refer-
ence 6) that,

dC, OL— .—
d2+ 4 (7)

gives nearly correct values for a rectangulm wing.
Ikperimental results for the Bristol Fighter, a biplane
with substantially rectangular wings, however, gave

~ct/d2$a nemb (7L/3(reference 7). NIeasuredvalues

from tests of a biplane model reported in reference 8
were approtiately equfd to (7L14for three ~ combi-
nations. It appears that the assumption that equation
(7) gives reasonable values is justified for winggawith
faired or elliptical tips and slight to moderate taper.

Yawing moment due to yawing.-The rate of change

of yawing-moment coefficient due to yawing dCJd2$

results from the change of velocity alo~mthe wing and
the change of side&p velocity along the fuselage and
at the tail due to the yawing. On the basis of simple

integration the portion of dCm/d2~ due to the wing is

– QDJ3 for a rectangdar distribution and – CD~4 for
an elliptical distribution. In an extension of work by

Wkaelaberger, Glauert shows (reference 6) that dCn/d~

h 8qd to — (0.33 (?~+().()43 cDi) for a rect@ar
wing of normal aspect ratio ~d equti to — (0.25 CDO+
0.33 CJ for an elliptical wing, where C% and CD,are
the proKle and induced drags, respectively, for the
wing alone.

The change in le of sideslip at the tail due to a
?yawing velocity r is r /V. The theoretical value for the

vertical tail is

It will be noted that both the wing and the tail contri-

butions to dCJd2~Vare negative; that is, they are in the

sense to oppose the rotation.
It is unfortunate that experimental means of measur-

ing dC,/d2~ are not more commonly available. As will

fLppearlater in the report, an accurate knowledge of

dC,/d~V is necessary for reasonable accuracy in esti-

mating stability characteristics. The sparae experi-
mental evidence concern@ the value of this factor (see
references 7 and 8) indiorn% that there are, in some
cases, large interference effects. I?or one model tested

on a whirling arm the value of dCfi/d2$ for the fuselage
I

and tail surfac= combined was only one-third the value
for the tail surfaces alone. It is quite evident from such
data that computed values can be considered at best
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only as rough approximations. ‘Wth this limitation in
mind it appem-a that the most suitable formula for

(8)

and that there is no justification for refinenmntsin the
fornmln.

h- FACTORS

Relative density of airplane and air.-The relative
density of the airplane to the air is usually expressed as
p=m/P5’b. I?rom this definition P is 7r/4times the ratio
of the mass of the airplane to the mass of air ailected
by a monoplane wing (on the basis of accepted wing
theory) in traveling a distance equal to the mean chord.
It thus appears that p is intimately tied up with the
performance characteristics of the airplane.

13.1(~/8. Forother coJl-
170rstandard conditions p= b

ditions ~ may be expressed as

13.1(~/J9)Q
bp

(9)

where m is the standard mass density (0.002378 slug per
cubic foot) and p is the actual mass density. It appeam
that p increases with wing loading and altitude and
decreases with span. The numerical value of P ranges
from 2 for large transports to 10 for pursuit airplanea
under standard conditions. It appears that large air-
planes are dynamically similar to very lightly loaded
smrdlairplan~, a transport with a span of 120 feet and
wing loading of 25 corresponding to an airplane of
30-foot span with a wing loading of 6.25.

Ratio of wing span to radius of gyration about X
axis,-The ratio of the wing span to the radius of
gyration about the X axis, b/k=,has been determined
for 16 airplanes (reference 9) and has been found to
range from 6.7 to 9.3, with 8.0 as an average value.
This ratio can be estimated with sufficient accuracy for
stability calculations. For preliminary estimates the
average value of 8.0 is satisfactory for conventional
types because, as will appear later, stability character-
istics are not critically dependent upon the mass dis-
tribution.

Ratio of wing span to radius of gyration about Z
axis.-The value of the ratio of the wing span to the
radius of gyration about the Z axis, b/kz,has been found
to vary from 5.1 to 6.4, with 5.7 as am average value.
As in the case of b/k=,the average vidue is satisfactory
for most estimak of stability. The value of b/kzcan
be estimated with sufficient accuracy for all stability
calculations from a.might analysis of the airplane.

STABILITYDBRIVA~VE9

h practice it has been found convenient to combine
the aerodynmnic and mass factors thot govern laterrd-
stability characteristics into stability derivatives. These
derivatives take the following forms, one for each of the
aerodynamic factors:

1 dC=
Y*=5 m

Physically these derivatives are, respectively, propor-
tional to the linear or angular acceleration arising from
a. unit angle of sideslip, a unit rolling velocity as ex-
pressed by pb/2V, or a unit yawing velocity aa expressed
by rb/2V.

The stability derivatives include all the importnnt
factors governing stability characteristics axcept p.
Since p occurs only in combination with n, and 1, rind,
conversely, since these derivatives occur only in com-
bination with p, the lateral-stability characteristics cnn
be completely expressed in terms of the seven non-
dimensional quantitks Y,, Pi,, ~,, 4, ~~ lr,~d %.

For prelimimuy estimates it will generally be suffi-
ciently accurate to use the following values for the
stability derivatives:

y,= –0.:4 ]

(lo)

(t* J

A rather small value of y, has been chosen in order to
be conservative. Stability characteristics calculntad
with this small value of y, can be readily corrected to
correspond to a diiferent y,, a fact which Jvillbe sub-
wquently shown. The derivatives t?p,n,, and 1, may
differ considerably from the foregoing values, particu-
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Imly at angles of attack above that d which the lift-
curve slope begins to decreaae. Fortunately the
stability chmacteristica are not greatly affected by
moderata variation in these particular factors. If

possible, values of dCJdB, i?CJ@, and dCJd~~ should

be obtained by actual measurement. There ig Show
reason for believing that, unless these factors are
accurately measured, a false impression of the accuracy
of the eatinmted stabili~ characteristics may be ob-
tained by refinements in estimating the other factors.

FORMULASFOR ESTIMATINGSTABILPPY
CHARAmERISTICS

Stabili@ oharaoteristics about which information is
desired,-The preceding portion of this paper has dealt
with the various aerodynamic and mass factors that
govern stability characteristic. In the following pma-
gmphs these factws will be grouped in relationships
which show the effects of the individual factors upon
the stability characteristic and from which them
chrmcteristics can be quantitatively determined.

Instability can manifwt itself either as a continuously
increasing divergence from the steady-flight condition
or as an oscillation of continuously increasing amplitude
about the steady-flight condition. On a logical basis
it appenn that the questions answered by an estimation
of stability characteristicsshould be: (1) Wfl there exist
a tendency to diverge from the steady-flight condition?
(2) Wfl the oscillations started by a disturbance or by
the use of the controls damp out and, if so, how quickly?
(3) What will be the period of the lateral oscillations?
Approximate relationships h answer these questions
have been developed (see appendixes I and II) and are
presented in the following pages.

Basis for formulas.-The following formulas are
based on the clnssical theory of small oscillations fit
upplied to airplane dynamics by Bryan and developed
and espanded by Bairstmv, W&on, Glauert, and othem
(references 10 to 13). A brief derivation of the formulas
is given in nppendi,, I. The formulas presented repre-
sent n first approximation to a semigmphical method of
accurately solving the stability ‘biquadratic given by
the classical theory. This semigraphical method and
the appro.simntionto it are e.splainedin appendix II.

Formulas for predicting a divergence,-Divergence is
not possible in the normal-flight range (to which this
report is confined) if

pl,n,>pnJ, (11)
and

~O~%–~j–Pn&>O (12)

Failure to meet the tit of these conditions results in
‘{spiral divergence,” a form of divergence in which the

airplane tends to go into a spiral dive. Failure to meet
the second condition results‘m “directional divergence,”
in which the airplane tends to yaw away from the
direction of steady flight.

For purposes of approximate estimation using the
values for the derivatives given in equation (10),
equations (11) and (12) become

4 (d(?Jd@@Jd2~)>CL(dCJdB) (13)

and
–o.(do~d~) +3.2 (dCs/d@)>O (14)

If the contributions of the wings, the fuselage, rmd

interference effects upon dCJd~V and upon dCn/@ are

neglected, equation (13) further simplifk to

(15)

This latter equation is, however,” an oversimp~cation
for any but the most approximate analyses.

Formnlas for estimating the damping of an osciUa-
tion.-The number of seconds required for an oscillation
to damp to on~half its original amplitude is

–0.313
J(T

B CL
T= “ Fp

{’
(16)

where ~’ is the damping coefficient. The time to damp
to any other proportion of the original amplitude is
given by

(17)

where n is the desired proportion, such as % or % To a
fairly close approximation (+15 percent)

In equation (18) the terms in the fkst pair of brackets
are those which make t’ more negative, i. e., decrease
the time required for the oscillation l%damp; the terms
in the second pair of brackets are those which make
~’ l@mnegative.

II the values from equations (10) are used, equation
(18) becomes
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dCn

()~~+CL225.6 –—

f=–o.07–
‘TV

()

6.4+8 –~

‘Tv

““fl(-%)-~’%~~),

+ r“4+8(-%11

d(-%)(-~)-”%

+ 2(-%)+%!(%)

(19)

since 8
dC”

()

—~ is small compared with 6.4 a further

‘Tv
dC.

()simplification is obtained by letting 8 —~ ,where

‘Tv

it appears in the denominator, equal 0.84. On this basis

() (){’=–0.07–3.5 d% –0.14 C.’–2.2 $3 –d%

’27 ‘m

Formula (2o) will lead to fairly large errors if the air-
plane departs very far from the average. The error is
roughly on a percentage basis so that, for small values
of damping ripproac~~ an undesirable condition, the
actual error is small.

Formulas for estimatingthe period of an osciUation.—
The period, in seconds, of the lateral oscillation is

P= J(9-2-G x :C’
+’

(21)

where #t is the period coefficient. To a fairly close
appro.simation # is given by

$=- ’22)

substituting the values for the derivatives given in

equations (10) and letting 8
(

–dC./d~)=O.84 .giW9

P=

J( )

o.14b (23)
–~ +g g

which is correct for the conventional airplane within
+20 percent.

CHARTS FOR ESTIMATINGSTABILITY
CHARACTERISTICS

Explanation of charts.-A series of 22 charts for use
in rapid estimation of stability characteristics are given
in figures 4 to 26. J-nthese charts the damping find
the period of lateral oscillations are given by curves of
T/J~=constant and of P/m=~nst~t plotted
with –tiCJd# as abscissas and @CJdB m ordinates.
The limits to the region within which both spiral and
static directional stability esist are indicated by straight
lines representing zero spiral stability and zero direc-
tional stability, respectively. The rates of convergence
or divergence are not given. .

I The charts cover values of CL(O.2to 2.0) and dOJd~

(–0.030 to –0.252) likely to occur in practice with
conventional airplanes.

Each chart covers values of –pdOJ@ from O to 0.6
and of ydCjJd# from —0.05 to 0.3. These ranges are
snfiiciently large for most conventional airplanes.
Some extrapolation is permissible in particular cases
without much loss of accuracy other than that due to
the fundamental wealmess of increasing inaccuracy as
the damping becomes large.

These charts are based on equations (13), (14), (19),
and (23) and are therefore approximations to the same
extent as the equations. They are intended principally
for use in rapid estimates in design and show fairly

accurately the relative effects of changes in UL,dOJd2$~

~dCJdB,and pdO##. Being based on average values

they cannot be used to determine the effect of changes
in these factom. The charts should not be used where
very accurate values are desired. On the other hand,
there is little justification for using a more accumte
method unless measured values of the various aerody-
namic factors are availab~e. If dCi-/dflis known to
be much larger than –0.28, as, for example, in the case
of an airplane with a split flap at a high angle of attack,
correction for the damping can be made by the pro-
cedure given in the following section.

Method of using charts,-In order to use the charts
the following data are needed:

W/S, wing loading.
b, wing span.

C~, lift coefkient.
dC,/df?,rate of change of rolling-moment coefficient

with side&p, per radian.
dC##, rate of change of yawing-moment coefficient

with sidedip, per radian.
TZI rate of change of yawing-moment coefficient

‘culdFV’ Wth rate of yawing, per unit of rb/2v.



AN ANALYSISOF LATERAL STABILITY IN POWEROFF FLIGHT 305

.3 “. ,f–: j _ ‘_ - /
--- --- --- - / .#-- -- - --.. / : -- , ----- : - ~$,.- 2
, .U

. / H-H+--\~

-.
I

Y-L,,“r,ob
-.050 I I I I I I I I I I I I I I J

..1 .2’ .3 .4 .5

cLda dC+.$). –O.(W3

FIGURE 4.

J1

cL.0,2d~d+&-O.Ml

FIGuBE6.

.3

.2

/+

.1

0

7050
.1 .2 .3 .4 .5

.3

..2

dCn
v=

.1

0

-.050 .1 .2 .3 .4 -5

CL-O.Z dCJd$--acus

Flaw& h

,

.3

.2

&

./

o

.050
.1 .2 .3 .4 5

cL=~ dfA,ld$h.07b

Fmm 7. .

.3’

.2

+$ij
.1

0

-.050
.1 .2 .3 .4 3

f7L.0.2dC+$+m

mfmmm &

FIcmma 4 to 9.–JAeral+tablli&oharta.

cL@.S dCJd#v--O.OM

FIGUEE9.



.-– —-. . .. . . . -.

306 REPORT NO. 589-NATIONAL ADVISORY COMMI’M’EEFOR AERONAUTICS

-.3

.2

d~
P=

.1

0

-.050
J .Z .3 .4 .5

cL=oa dC/t#+-W

FTGUBE 10.

P

dC1
2ZF

CL-OS dCJd$ --0.07J

Fmum IL

.

●

P

1- —Tmi74

..3

.2

./

0

7054 ‘ ‘- ‘-:;~’ ~; I I I I I‘“~
.3 .4 .5

CL=0.8 dCJ&b--OJR3

FIQUEE L?%

-p ~

CL-L4 dCJd.+&-O.OW

FN+um 14

CL-1.4 dG/d#--O.cr76

~a- I&

Fmm 10tolS.-I@araladablUtyabarta



AN ANALYSISOF LATERAL STABILITY IN POWER-OFFFLIGHT 307

.3

.2

,1

0

z .3 .4 .5

CL-1.4 dCJd$ . -OIIXI

FIQUEB 10.

P

dC,
-P~

P

-P ~

cL=~o dCn/d2+--o,071

BTQUEE !M

P

CL-1.4 d~d2+-0.125

FmuBE 17.

P

CL-1.4 dWd2$--o.176

Fmm u.

FIOTJBE3 10to 21,-LabraMabmty 0h8ra



___— —.— .

308 REPORT NO. 589-NATIONAL ADVISORY COMMI’ITEE FOR AERONAUTICS

.p *

cL-~o dCm/d$ .-0.144

FmJBE a

.31 p.1 I J I I I I YI I I ‘t-. I 1A I I I

.21++++

-.

-p -_&

f7L=20 dCJd#--O2l6

~acmi 24.

di& “Xi
P-

I VI I I IA1 I I I
I ‘i YI

~. ..

.-

-r

-.

CL=.20 Lfcw++-o.lso

FIOUEE ?3.

CL=20 dCJd2+4.2b2

FIoum 25.

.04H+++&f

.08

0

.(XS .08 .10
q

- d/9
TV/S.16Ib./KI.k

b42 ft. UL=o.fl

dCJd.j.j--O.M

Fmum Z5.-spedal“- QfL3tmlaftdlltyCJMrt



AN ANALYSISOF LATERAL STABILITY IN POWER-OFFFLIGHT 309

I?rom these data, values of –pdC#i.3 and @J@

can be readily determined since p= 13”1‘6W’N (standard

conditions).
In general, the value of CL to represent a particular

range of flight conditions can be chosen as 0.2,.0.8, 1.4,
or 2.0. It will be necessary in most cases, however, to

interpolate between two charts for the value of dCJ~

Any point given by –pdCJd/3, pdCJd@ represents a
value of ~/m and a value of T/m. The
period and the time to damp to onehalf amplitude are
readily obtained by multiplying these values by m
The location of the point –PdCJifl, pdCJdp also
indicrdwawhether there will be a tendency to diverge.

The charts are computed for standmd conditions.
They can be easily applied to a study of stabtity at altit-
ude by substituting the value (0.00238/P) JV/i3 for
TV/s wherever W/S occurs in the computations.

Correction to a different value of dCJd(3 may be
readily made as follows: Compute t’ for dCr/d@= —0.28,

i, e., y, = –0.14, horn the relation ~’= –0.3134-,
T

Add to this value of ~’ the quantity ~(0.28+dCY/d/3) to

obtain the corrected value of t~. Calculata the corrected
value of T/~ using the corrected value of J’.

In cases where a large number of estimates are to be
made for a given pair of vabs of W/JS’and Zi,it will
sometimes be convenient to convert the charts to read
directly in terms of –dC,/d/?, dCJd& P, and T. This
conversion can readily be accomplished without re-
drawing the chart by changing the constants. I?igure26
represents figure 6 converted to read directly in the
desired quantities for an airplane having W/S= 16
pounds per square foot and b=42 feet.

Example of use of oharts.-It is assumed that the
lateral-stability charactetitica throughout the normal-
flight range are desiredfor a 5,000-pound ahplane having
a wing loading of 16 pounds per square foot and a span
of 42 feet. ValueS of dOJd@ and dOJd# are available

from wind-tunnel tests. Values of dCJd2~ must be

estimated. The airplane iEa modern type with a fairly
high top speed and is equipped with split flaps. J?laps
were considered to be down at CL= 2.o but up at
0~=0.2, 0.8, and 1.4.

The stability characteristics will be estimated for
each of the CLvalues of 0.2, 0.8, 1.4, and 2.o. Values of
—PdOi/d~and pdO,/d/3 are determined at each value of
CLfrom the relationships

and

Valuesof dCJd2$are determined from the relationship

where CD. is taken horn wind-tunnel tests of a similar
wing, llb and 8J8 are dimensional characteristic of
the airplane, and dCJdB is wtimatid using the
relationship

dC~,_ 5.5

=–l+&

where b~is the height of the vertical tail surface. The

values of ~KIto,dCJd~j —pdC1/d&and NdO./dp are as

follows:

I?rom the various charts, values of T and P are de-
termined, interpolations and extrapolations being made
where necessary. The values of the stability charnc-
tmistiw at each value of CLfollow.

10orrmtfonfortheimmenseh dCr/d9 doetothehfghdraggIvMthemrrected
vofneofTM 1.3secanti

EFFECTOF THE GOVERNINGFACTORSON THE
STABIJJTYCHARACI’ERISTICS

AERODYNAMIC FACTORS

Lateral force due to sideslip.-The lateral force due
to sidedip is small, in general, but beneficial in its
effect upon stability characteristics. As appears
in equation (18), dCy/df?adds directly to the damp-
ing coefficient, h~’ = )iAdCYJd& I?or the value of
dCr/dp= –0.28, Al’= –0.07, which is sufficient to
damp the lateral oscillation to one-half amplitude in
8 seconds for an airplane with a wing loading of 16
flying at 176 milM per hour. The effects of dCJd@
on the period and on the tendency to diverge are
negligible.

Rolling moment due to sideslip.-The rate of change
of rolling-moment coefficient with sideslip plays a great
part in determiningg the stability characteristics, as is
apparent from a glance at the charts of figures 4 to
25. It is necessary for stability that dCJdBbe negative;
the term –dC,/@ will be used, as in the charts, for
simplicity in dkcuwion. ‘
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Increasing –dCt/d~ incrcww the range of valuca of
dCJdB within which there is no divergence, there being
less likelihood of either spiral divergence or directional
divergence as –dC1/d~is increased. Increasing –dCJdB
increases the time for an oscillation ta damp and short-
ens the period. These effects are sufficiently small to
be of no practical importmce at high speeds but are
appreciable at low speeds.

Yawing moment due to sideslip.-From the con-
siderations of tendency toward divergence the value of
dCJdB should be small and positive. Too large a
positive value of dCJdP rcalts in spiral divergence.
Too large a negative value will lead to undamped
lateral oscillations as indicated by the curve of
T/J~ = co (oscillatory divergence) or to direc-
tional divergence. The range of permisaible values of
dCn/d/i’is quite narrow for small values of –d(?~d~ and

Increasing dCJdfi increasesthe damping and shortens
the period of the lateral oscillations. The eflect upon
the period is very pronounced, particularly at small
values of the lift coefficient corresponding to cruising
and high speeds, asis especitiy apparent in equation (23)
where 1 0.14b

It appears that for C“=O.2 the effect of dCx/dpupon
the period has 16 times the effect of —dC1/d& The
effect upon T is less pronounced. It is of interest to
note that the theory indicates stability with dC./d@

zem or slightly negative if dCy/dB and d41Jd2$ are

moderate or lsxge.
Rolling moment due to rolling,-Differences in the

pb
value of dCJd27 of the order of those likely to exist

between cxmventional airplanes in -the normal-flight
range have but slight effect upon the tendency toward
divergence or the oscillatory characterktica. This fact
tends to justify the use of an average value for this
factor in equations (20) and (23) and in the charts.
The small effects occurring are such that increasing

dC1/d2.#decreasea the time required tQ damp, in

general, and increases the period.

Near the stall dC,/d2~ changes sign and tends to

result in violent instability. This report dots not deal
with stability near the stall, which is amply discussed
in references 14, 16, and 16.

Yawing moment due to roiling.-As is the case for

practice have comparatively slight effect upon the
stability characteristics below the stall. Increasing

dOJd~ may either increase or decrease T, depeding

upon the magnitude of other quantities, and increases
P slightly. Here again the selection of an average
value for this factor seems justified. ~em the stall

dCJd2~ changes sign and becomes an irnportcmt

factor in producing instability.
Rolling moment due to yawing.-The rolling moment

due to yawing is chiefly of importance in connection
with the likelihood of spiral divergence. Increasing

dC,/d#~ decreases the range of values of dCJdj9 for

which spiral convergence e.sists for a given set of

values of —dCJdfl and dOJd2~. Increasing dOJd$

generally decreasea T but has no noticeable effect upon
P or.the likelihood of directional divergence.

Yawing moment due to yawing.-Incrmsing dUJd&)

rmissible range of vnluea of dCJdF forincreases the pe
spiral convergence and decreasea the time required for
the oscillation to damp to one-half amplitude, It is
apparent from equations (2o) and (13) and from the

charts that an accurate knowledge of d(YJd2~ is

essential to accurate calculations of T and of the
limiting values of dCJdfl within which spiral conver-

gence exists. On the other hand, dCJd2# has only a

very slight effect upon the directional convergence
or upon the period of the oscillations.

MASS FACTORS

Relative densi~ of airplane to air,-The relative
densi~ p has no effect upon the likelihood of either
@.ral or directional convergence. Its effect upon the
period and damping of the lateral oscillation can best
be understood by considering the separate effects of the
factors which determine p, namely W/S, b, and p.
Since a decrease in p has precisely the same effect as
m increaae in W/S, the effeci% of altitude are the same
ESthe effects of increasing the wing loading and will
therefore not be discussed separately.

The effect of wing loading upon the time required ‘to
damp the oscillation to one-half amplitude can best be
deduced from equations (16) and (20). From equn-
tion (20) it appenrs that if, for the case at hand
~z dC*
“~

()

—~ is greater than 0.3 (—dOl/d(3), then

‘m
increasing W/S (einca p is proportional to W/S) will
make ~’ greater in the negative sense. This will be the
mse only for very small values of —dO1/dB. In gen-
3ral, therefore, increasing W/S’will increase T both by
Iecreaaing ~’ and by increasing the numerator in the
relationship
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On the other hand, wing loading has no appreciable
effect upon the period, at a given CL,as is apparent from
equation (23).

From the charts it appears that, since increasing b
decreases @2Jd~ and —pdC,/d& increasing the span
will decrease the time required to damp the oscillations
over most of the range of values of the parametem. As
pointed out in the preceding paragraph, the effect de-

pends upon the relative magnitudes of dCn/d&dCR/d$,

and –dC,/d~. Only in the &e of very small vahes of
—dCJdfi,will increasing the span increase T. For prac-
tical purposes the period of the lateral oscillation is
proportioned to the square root of the span, as is shown
by equation (23).

Ratio of wing span to radius of gyration about X
axis,-In the discussion of the effects of changing
bit was assumed that the ratios b/kx and b/kzwere kept
constant. The effects of changing these ratios can be
most readily explained on the basjis of keeping b
constant.

Th~ value of kx has no effect upon either spiral or
directional convergence. Although not readily appar-
ent in equations (18) and (22), increasing k= results in
small increases in T and P. There is, however, no
justification for extensive labor to determine kx accu-
rately in the absence of accurate data on all the aero-
dynamic factors,

Ratio of wing span to radius of gyration about Z
axis,-The effects of increasing kz are similar to the
effects of increasingkx. It has a slight but unimportant
effect upon directional convergence. Its effect upon
the pmiod is greater than the effect of increasing kx, but
not great enough to be of practical importance in most
cases.

GENERALCOMMENTS

The present state of knowledge does not justify
positive assertions m to the desirabili~ of any given
set of stability characteristics. Very little has been
done to determine quantitatively the stability charac-
teristics thmtresult in the most satisfactory riding and
hrmdling characteristic. Such research (referance 17)
has given more or less negative results, at least with
respect to the period and the damping of oscillations.
It is definitely known, however, that very grmt instabil-
ity, such as that at the stall, and very great stability
am both undesirable. There is strong reason to believe
that any tendency to diverge is undesirable but that,
if such a tendency is of small magnitude, it will not
seriously inconvenience the pilot.

When the foregoing facts are taken into considera-
tion, it seems desirable that for airplanes designed for
most purposes, excepting machines intended as pur-
suits, fightem, or for acrobatiw, there should be no

3S34R-3+21

tendency to diverge, oscillations should be moderately
to heavily damped, and the period of the oscillations
should be as long as practicable. It is believed that
such characteristics will require a miniruuIu of effort
from the pilot and will result in a maximum of passenger
comfort.

Reference to the charts of figures 4 to 25 reveals that
these characteristic can be attained only by makin~

dOJ@ small while keeping dCJd2~ and dC=fdBlarge.

Some additional advantage is gained by keeping
–dCi/dP small, particularly at high angles of attack.
Probably the best value of –dC,/d~ iS from ~~ to
moderate, the moderate valuea giving more pronounced
spiral and directional convergauce. The best method
of keeping dCJdP small while retaining large values of

dCJd~V and dG&/dflappears to be the use of a fuselage

giving an unstable yawing moment of rather large
magnitude. The unstabilizing effect of the fuselage
depends on its length, breadth, the distance of the
center of gravity from the nose, and on the shape.
The shape of the fuselage, and possibly interference
effects, play an important part, which can be deter-
mined accurately only by wind-tunnel teats. A large

value of 1 bnds to make dCm/d& large and a large,

deep fuselage tends to give a large value of dCY/d&
The dihedral of the wings can be adjusted to bring
dC1/dpto the desired value but here again, with
present knowledge, it is necessary to make wind-tunnel
teats.

Although control is outside the intended scope of
this paper, it should be pointed out that appearance of
instabili~ may, under certain circumstances, be brought
~bout by the iniluence of the controls. The two most
sommon instances are that of directional divergence
wisii out of an attempt to hold the wings level with
conventional ailerons, the rudder being held neutral;
md that of increasing or poorly damped oscillations
wisii out of operation of the rudder in improper
phase reltitionship to the change in attitude of the
~irplane. The directional divergence is caused by the
]dverse yaw of the ailerons and can be avoided by re-
iucing the adverae yaw, by increasing dCm/dfi,or by
holding the ailerons neutral and allowing the airplane
to roll. The increasing oscillations are most likely to
occur when the natural period of the airplane is short
and when the rudder is operated in such a manner as to
prevent yawing. They can be avoided by holding the
rudder neutral or by operating it in such a manner m
to produce sideslip opposing the roll, i. e., by trying to
hold the wings level rather than by trying to prevent
yflwing.
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SUGGJK3TIONSFOR FUTURESTUDY

A systematic correlation of stabili@ characteristics
with riding and handling quslities is needed. It is
possible that these qualities are more directly relatad
to certain of the governing factors than to the tendency
to diverge or to the characteristics of the oscillations;
investigations should be conducted with this possi-
bility in mind.

There is need for adequate comparison between com-
puted values and measured values of stabili@ char-
acteristic as a check upon the accuracy and validity
of the mathematical treatment.

At present some of the aerodynamic governing factors
cannot be intimated with awrrance. A great deal of
systematic study will be necessary to provide sufficient
data for the formulation of satisfactory empirical con-
stants to be used in estimating these factors.

In this report no consideration has been given to the
effect of power on the lateral st~bility. This problem
should be the subject of a study sufficiently thorough to
reveal the effects of power on the stability derivntivea
and upon the mathematical treatment necessary to
estimate the stability characteristics.

NIore satisfactory means of measuring the separate
aerodpmrnic “factors and also the final stability char-
acteristics of models are necessary for rapid progrws.

LANGLEY MIIWORIAL ADRONAIJIHCAL LABORATORY,

NATIONAL ADVISORY CO-TTEE FOR AERONAUTICS,

LANGLEY I?IELD,VA., November 17, 1936.



APPENDIX I

DERIVATIONOF FORMULAS

The theory of small oscillations,-The theory of
small oscillations was first applied by Bryan to the
dynamics of mechanical flight (reference 10). On the
assumption that the direction and mwgnitudeof changes
in the aerodynamic characteristics due to changes in
motion from the steady-flight condition are known,
equations of motion in unsteady @ght are written for
the case of small deviations from the steady condition,
one equation for each of the degrew of freedom of the
motion. Simultaneous solution of the equations gives
values that describe the motion of the airplane after a
disturbance.

Assumptions in the application of the theory,-In
the application of the theory of small oscillations to
quantitative estimations of stability characteristics, a
number of assumptions are necessaq- in order that the
mathematics may not be too involved and the compu-
tations too extensive for practical applications. The
prima~ assumptions are as follows:

(a) The combined aerodynamic effect of two or more
components of motion is assumed equrd to the alge-
braic sum of the separate effects of the individual
components.

(6) The changes in aerodynamic forces and moments
clue to n deviation are assumed proportional to the

deviation, i. e., the slopes dCJdp, dCJd2$~ etc., are

assumed to be constants.
(c) The lateral motion involving p, g, and r is as-

sumed to be independent of the longitudinal motion, i. e.,
the machine is assumed to be symmetrical.

(d) Secondary effects such as those involving the
products of two or more small quantities are neglected.

(e) The values of the aerodynamic factors are
assumed to be unaffected by the linear and angular
accelerations.

Equations of lateral motion.-The equations of
lateral motion will be written for the axes shown in
figure 1 using the symbols and notation given in
appendix III and on the report covers. The X axis
is taken in the direction of the relative wind during
the steady-flight condition. The sms are assumed
fixed in the airplane. During steady flight,

Y= L=N=O
v= =r=O
u= $

After a disturbrmce,

;24)

p=c@/dt

}
(26)

r=d+jdt

It is assumed in these equations that the principaI
axes of inertia are coincident with the reference axes,
which is not true in the genend case. A number of
supplementary calculations made as part of the study
leading up to this report have indicated, however,
that to neglect the angularity of the principal axes to
the reference axes will not introduce serious error in
the normal-fight range and will give slightly conserv-
ative results. Consequently, the terms including the
product of inertia were omitted to make the equations
as simple as possible.

Since dY/dp and dyldr are small, they me generally
neglected. For the small deviations considered, u may
be taken equal to the steady-flight velocity V and the
sines of the angles of roll and yaw may be replaced by
the angles thernselvw. Since in power-off flight the
lift is equal to W cos y and the lift times the tangent of
the angle of glide is equal to W sin ~, the firstof the fore-
going equations will be rewritten,

Vd~r+I#JX W) +#X (lift) Xtan -f=m~+7n7V

The equations of equilibrium finally become,

@iit)by ~PV28 (?.

(26)

313
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Writing in determinant form and simplifying gives,

do c.
U Y,— Ta ~4 f# (tany) #–#

Pd.’ #&’$$’

upn, %’$

I dCy -
where yn=ij ~

=0 (27)

~’ for ‘~, etc., and simplify.

: tan 7—TX

lrT~
=0 (28)

nrrh—i-%= I

which “canbe expressed as

A(x’y+l?(k’)’+c(x’) ’+zm’)’+m’)=o (20)
where,

A’=TA

A= 1

B= –y,–n,–~

c=l#l#r~+y,(&+nJ+w’l,

( )-’n”e’’+o+oD=y,(l,%—M,) +@, n.—%

E=kt~(L7k-h)+P~t~ -Ah-h)

The solution X’=0 is readily apparent in equation
(29) and results from the fact that the airplane has no
inherent tendency to return to any iixed compass courm,
being, as the solution shows, neutraly stable in that
respect. This solution, A’=0, is generally neglected
and the lateral-stability characteristics are considered
as those given by the biquadratic

A(X’)4+B(X’)3+O(X’) 2+D(X’) +E=O (30)

The deviation of each one of the components of the
lateral motion varies with time according to the rela-
tion,

v, p, or r= C1eXl~+C’ex2~+ae~(+ C4ek;

where Al, h, As, and ~ are the four roots of the bi-
quadratic. In lateral motion the constants B, U, D,
and 1? are generally such that there are one pair of real
roots and one pair of conjugate complex roots indicating
motion of the type,

0, p, or r= C6e~~(cos*t— 08)+C3etif+ C4eti~
where f and # are the real and imaginary parts, respec-
tively, of the conjugate roots. This motion represents
an oscillation superimposed upon two ratea of con-
vergence (or divergence). It is evident that for stability
~, k, md h must be real and negative so that the
values of o, p, and r will reduce to zero. In order that
the real parts of the roots shall rdl be negative it is
necessary and sticient that B, 0, D-, l?, and
~BCD-D2-B’E) each be positive. In order to
determine the rates of convergence and the damping
and period of the oscillation, it is necessary to SOIVOthe
biquadratic. A convenient semigmphical method of
solving stability biquadraties was pointed out in
referenea 1 and is d~cribed in detail in appendix II.



APPENDIX n

SOLUTIONOF STABILITYBIQUADRATIC

Semigraphioal method of solving biquadratics.-The
biquadrntic

h4+Bh3+CX2+DA+E=0

can be expressedm

(X2+a1A+bJ (A’+ GA+62)=0 (31)

from which

7

()
A=–$* !$ ‘–b,

‘=-?’m
are roots of the general equation. It appeam that

B=G+%
C=ala.j+61+b
D=a#,+a&,
E=b,bz

Elhnhmting values of a2and &

(33)

“,=%(T=% ’34)
and

b,2B–blD
Q=w

(35)

Note that, if the minus sign in equation (34) is chosen
for al, the plus sign will correspond to ~.

Values of Q and ~ that will satisfy these equations
separately are plotted on charts having values of a
as abscissas and values of b as ordinates. The intm-
section of the resulting curves represents values of Q
and bl that satisfyboth equations. There are two
intersections in the general case, one corresponding to
al and bl, the other to G and bg. Ordinarily it is more
convenient to iind one of the intersections by plotting
and to solve for the remaining values by the use of
equations (33).

Figure 27 gives a solution of a typical stability bi-
quad.mtic and illustrates the use of this semigraphical
method. For most cases time mm be saved in locating
the intcmection by letting a, equil zero in equation (35),
thus determiningg the intmwmtion of the plot of equa-
tion (35) with the b axis. The resulting value of bl
when substituted in equation (34) will give an approx-
imate value for al. The final values can then be de-
termined as accurately M desired by locating the point
of intersection of the curves. This method haa been
applied to several hundred solutions of stability bi-
quadratiw in the course of the study leading up to this

report and has been found to be very satisfactory,
paxticukrly so if systematic changes in factors are being
studied.

4 I I I I
5.5i?b?-13.9ob,

al-! b?- oe74
\

3
(2.7 2,0. 46) - 4

b /’
/

2
//

“’5.52 5.522
a~-— -

2 V( )
— –!j.36+b,+~-

2 1

1

:2 0 .2 .4 .6 .8 1.0
a

FSGUEB27.-Axofgmphkdmethlofmlvfngstabflityblqnadmth.Safutfonof
bIqumlmtic

From Mem3ciion ofamvm
a-o.w 4.272

F1’on+eqoathnn(32)

al-h62-o.40=sLwtl=o.7@72-o.on

Fmm M+O.40A+272=0,X-–W 1.6
From W+.M3.+WE7=0, x- –6.05

).--0.01

Approximate formulas for the damping and the
period of the osoiUation.-As was stated ih the preceding
paragraph, an approximate value of b, can be found by
substituting al= Oin equation (35) giving

Substitution of this value of b, in equation (34) gives
the approximate value for Q of

(37)

This latter equation can be further simpMied without
loss of accuracy by rem’otig the radical and assuming
@= O. The resulting equation for al is

(38)

Since

(39)

(40)
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()
~,?.

Since 7j IS normally small compared with bl, it is

sufficiently accurate for practical purpose9 to put

#=& (41)

From equations (38) and (36),

r=+–;+;] (42)

(43)

Supplementary study has indicated that further simpli-
fication can be had with but slight loss in accuracy by
nqgla~g v~u= of y, in the expression for B and D
and neglecting tan y in the expression for D and 1?

(44)

Substituting these values in equations (42) and (43)
and simplifying where possible gives

{

_y,+L.2&j+pE?J
. r=–;

1-

‘+%-z”d
+1 “@%)+ CL’S% (45)

{
2 (–nr–l$)’

() 121. ~–~ –2n~

and
“== ’46)

The time in seconds to damp to one-half amplitude is
given by

T=l@#?&--o;6g3.
(since r’=TJ-).

Expressed in more convenient form,
becomes

T=-0-313~(~L
l-’

this equation

(47)

The period in seconds of the lateral oscillation is

~_2~=2TT
–* +’

or

,:%K%
(48)

v

Approximate formulas for the oonvergenae ohar-
acteristics.-since al is small, a9is approfiately equal
to B.

Letting ~=B

and

ghw (49)

as the solution for the pair of the roots of the stability
biquadratics corresponding to the convergence charac-
teristics. Since B is always positive and large in the
normal-flight range, it appears that this equation repre-
sents two convergence if EB/D is positive and leasthan
(B/2)2,a heavily damped oscillation if EB/D is positive
and greater than (B/2)*, a divergence and a convergence
if EB/D is negative and less than (B/2)z, and two di-
vergences if EB/D is negative and greater than (B/2)2.
Instability is therefore possible if either E or D be-
comes negative. For most oases E is small but may
be either positive or negative and D is positive and
large. These circumstances give the USURJsolution
of (49) as a large negative root approximately equal
to —B=n,+lp and a small root approximately equal

to –E/D.
In the usual case it is desired to know whether or

not there will be a divergence rather than to know the
rapidity of the convergence. For such a case it is
sufiioient to know that

D>”
and

E>”

By the use of the relationships of equations (44), these
conditions are represented by

‘4+-”=’” (50)

and
l,%>~n, (61)

These equations neglect the effects of y, and tan y, n
procedure that is conservative for power-off flight.



APPmrx

SYMBOLS

X, y, Z, axes of reference fixed in the airplane having
the origin at the center of gravity, the X
axis in the plane of symmetry and along
the relative wind in steady fight, the Y
& perpendicular to the plane of sym-
metry, and the Z sxis in the plane of
symmetry and perpendicular to the X axis.

.X, Y, Z, forces along the respective axes, X being
positive when directed forward, Y positive
when directed to the right, and Z positive
when directed downward.

L, M, N, moments about the X, Y, and Z axes, respec-
tively, L being positive when it tends to
depress the right wing, iWpositive when it
tends to depress the tail, and ~ positive
when it tends to retard the right wing.

u, v, w, components of linear velocity of the airpkme
along the X, Y, and Z axes, respectively,
having the same positive directions aa the
X, Y, and Z forces.

V, rsadtant velocity.
p, ~ r, components of angular velocity about the X,

Y, and Z axes, respectively, having the
same positive directions as L, M, and iV.

4, 0, +, components of angular displacement horn a
given attitude about the X, Y, and Z
ares, respectively.

a, rmgle between the relative wind on a plane
parallel to the plane of symmetry and the
wing chord, positive when corresponding
to positive rotation e of the airplane
relative to the wind.

P, angle between the relative wind and a plane
parallel to the plane of symmetry, equal ta

sin-’;; angle of sideslip in radians.

~, angle of flight path to horizontal, positive in
a climb.

r, dihedral angle, degrees.

OY=~-$ coefficientof lateral force.

Ol=&, coefficient of rolling moment.

C.=q~, coefficient of yawing moment. “

UDC,coefficient of drag fOr the wing alone.
Uh, coe~cient of force on projected side area.
0.,, coefficient of force on verticfd-taif arSa.

m

8,wing area.
8,, projected side area of fuselage.
S,, vertical-tail axea.
& projected side mea.
d, maximum depth of i%selage.
y, spanwise distance from plane of symmetry.
21,distance from fuselage nose to center of

gravity.
t, d.igtance from center of gravity to rudder .

hinge.
1,, over-all length.
i&over-all length of fuselage.

h, mass densi@- of air under standard condi-
tions.

p, msss density of air under condition of flight.
t, subscript denoting verticil tail surfaces.

b,, height of VtiOd tail.
vo tail eficiency. -
%, the Z coordinate of the center of pressure of

projected side area.
1~, empirical factor for estimating dCn@#3for

fuselage.

m , relative density factor.
‘=s

13.1(w/s).l?or standard atmosphere, p= ~

m = P! time conversion factor.
‘“pm

g,=~d$? nondi.nmmionalderivative of lateral force due
to sideslip.

l,=~(~j’d~, nondimensional derivative
moment due to sidealip.

()I b ‘dC!.
‘“=5 g ajr’‘onti-ond ‘e.tivawe

moment due to adwhp.

i)1 6 ‘d?z
1,=4 g — nondimensional derivative

d~’ moment due to rolling.

-01 b ‘d(?.
%=4 ~z —~ nondimension derivative

d2~ moment due to rolling.

)~=i(;‘dug—) nondimensional derivative
moment due to yawing.

-01 b ‘dCm? nondimensional derivative~=4 g dg
moment due to yawing.

of rolling

of yawing

of rolling

of yawing

of rolling

of yawing

B, C, D, E, coefficients of stability biquadratic.
317
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~ :’=&i*=c* ~+’.=— ~ root of stability equation.

T, &e for oscillation to deorease tQ one-
hrdf amplitude, seconds.

T=–0.693XT
r

—0.313~L (S~dmd atznOs-.
r phere).

P, period of oscillation, seconds.

P=?

=2-w~HL (Standard
+’

atmos-
phere).

a, b, cotiokuts of stability quadratic.
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